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Solve any three of the following five problems.

1. Let f : Rn → R be a C1 function and consider the problem

min
x∈S

f(x),

where S ⊂ Rn. Assume that x∗ ∈ S is a relative minimum of f .

(a) (40%) Show that ∇f(x∗)Td ≥ 0 for all feasible directions d at x∗.

(b) (30%) Show that if x∗ is an interior point of S, then ∇f(x∗) = 0.

(c) (30%) For the case n = 2 and S = {(x, y) : a ≤ x, y ≤ b}, where a, b ∈ R, a < b,
what are the conditions in terms of the components of the gradient when the
minimum x∗ ∈ ∂S?

2. For the quadratic problem

f(x) =
1

2
xTQx− bTx,

where Q is a symmetric positive definite matrix, an iteration of the steepest descent
method is as follows

xk+1 = xk + αkdk.

(a) (30%) Write down the expressions for the direction of descent dk and the step
length αk for this method.

(b) (40%) Show that for any vector x 6= 0

(xTx)2

(xTQx)(xTQ−1x)
≥ λ1
λn
,

where λ1 and λn are the smallest and largest eigenvalues of Q.

(c) (30%) Prove that

E(xk+1) ≤
(
λn − λ1
λn

)
E(xk),

where

E(x) =
1

2
(x− x∗)TQ(x− x∗)

and x∗ is the minimum of the quadratic problem.
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3. Conjugate gradient method.

(a) (20%) Let Q be a symmetric matrix. Show that any two eigenvectors of Q,
corresponding to distinct eigenvalues, are Q-conjugate.

(b) (40%) For the quadratic problem

f(x) =
1

2
xTQx− bTx,

where Q is a symmetric positive definite matrix, an iteration of the conjugate
gradient method is as follows

xk+1 = xk + αkdk.

Write down the expressions for the direction of descent dk and the step length αk

for this method.

(c) (40%) Consider the function

f(x) = xTb + xTx,

where x,b ∈ R2 and b = [1, 1]T. Compute the minimum of f(x) by using the
conjugate gradient method.

4. Consider the problem
min f(x)

where f(x) = f(x1, x2) = (x1 + x22)
2.

(a) (10%) Show that the problem has multiple optima.

(b) (30%) At the point x0 = [0, 1]T, show that the point p = [1,−1]T is a descent
direction.

(c) (30%) Find the step length α ≥ 0 that minimizes f(x0 +αp), that is, what is the
result of this exact line search?

(d) (30%) Do one iteration of Newton’s method with fixed step length α = 1 starting
from x0 = [0, 1]T to compute x1. Report x1 and f(x1).

5. Consider the problem
max
x,y,z>0

xyz,

subject to xy + xz + yz = 5.

(a) (40%) Write down the first order necessary conditions for a solution of this prob-
lem.

(b) (30%) Show that the equations of part (a) have only one solution, and find this
solution.

(c) (30%) Show using the second order sufficient conditions, that the point in part
(b) is actually a relative maximum.
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